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> Open problems
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> Given A, B C R4, vb,, (A, B) := smallest C > 0 so that for any
v1,...,Un € A there are signs & € {£1}™ with

Z xiv; € C-B.
i=1
> Applications to scheduling [BRS22] and RCTs [HSSZ19]

> vb, (B}, B}) < v/n by taking uniformly random x ~ {£1}™:
n
E[lxivr+ -+ xnonl] = Y il <n
i=1

> Linear algebra shows vby, (A, B) <2-vbg4(A,B): wlo.g. n<d.



Introduction to vector balancing

» vb,(B%,B)) = v/n. What about vb,, (BY, Bly)?

[ee24 [e¢]



Introduction to vector balancing

» vb,(B%,B)) = v/n. What about vb,, (BY, Bly)?

[ee24 [e¢]

» Random signs give vb, (BY,, BL) < /nlog(2n)



Introduction to vector balancing

» vb,(B%,B)) = v/n. What about vb,, (BY, Bly)?

» Random signs give vb, (BY,, BL) < /nlog(2n)
» Cannot hope for \/n: vby(B2,,B%) =2

A

(—-1,1) (1,1)

A
y




Introduction to vector balancing

> vb, (B}, B}') = y/n. What about vby, (B}, BL)?

» Random signs give vbn (BY,, BL) S /nlog(2n)

» Cannot hope for y/n: C2(B%,B2%) =2

Spencer’s "Six Standard Deviations Suffice" Theorem (’85)
vbn (BY, BL) < 64/n and more generally vb,, (BIY, BI}) < /nlog(2m/n). J




Introduction to vector balancing

> vb, (B}, B}') = y/n. What about vby, (B}, BL)?

» Random signs give vbn (BY,, BL) S /nlog(2n)

» Cannot hope for y/n: C2(B%,B2%) =2

Spencer’s "Six Standard Deviations Suffice" Theorem (’85)
vbn (BY, BL) < 64/n and more generally vb,, (BIY, BI}) < /nlog(2m/n). J

» Tight for Hadamard columns: vb,, (BY, BY) > v/n



Introduction to vector balancing

> vb, (B}, B}') = y/n. What about vby, (B}, BL)?

» Random signs give vbn (BY,, BL) S /nlog(2n)

» Cannot hope for y/n: C2(B%,B2%) =2

Spencer’s "Six Standard Deviations Suffice" Theorem (’85)
vbn (BY, BL) < 64/n and more generally vb,, (BIY, BI}) < /nlog(2m/n). J

» Tight for Hadamard columns: vb,, (BY, BY) > v/n

» Conjecture (Spielman) vb,, (B, B%) < 2y/n

(e e24 [e¢]
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> vb,(BJY, BM') < y/nand vb, (BX, BR) < /nlog(2m/n)
> Generalization for matrices:
Sy = {symmetric A € R™ ™ : [A(A)[|, <1}

> For diagonal matrices [|Al|sp = |diag(A)|p
> Vb (SI',SIY) < VA

Matrix Spencer Conjecture (Zouzias’ 12, Meka "14)
vbn (S5, S%) < v/nand in general vb,, (STF, ST) < \/n log(2max(mn)/y)

v

Theorem (Dadush, Jiang, R. 22)
vbn (ST, S < y/nlog(2m*/n) forall1 < n <
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11
A1+ Aalls2, = H (1 1) Hsgc =2

1 0
A1 — Aslls2 = H <O _1> Hsgo =1
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10 1 0 01 0 1
(o a)a=(o S)am (i o)man=(5 o

4
HinAi Vi2=2.
i=1

1< 1
SISl ~
sm ﬁ;llszm V2

» Generalizes for n = m?: \/n lower bound
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Partial Colorings

» Given A,B C RYand vy,..., v, € A, define the discrepancy body
K:= {a: € R™: invi € B}
i=1
» Upper bound vb,, (A, B) by iteratively constructing partial colorings
e(C-KNELY izl =1zn
> Step 1: Can find partial colorings as long as
Yn(C-K):=Prg.nor1,)[g €C-K > —0m)
> Step 2: Suffices to cover polar body (C - K)° with 2°(™) balls or cubes

> Step 3: Construct such covering via optimization
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» Given V € R™*™ with columns v, ..., v, € BT, let

mn
K::{:I:ER“:HZXivi gl}
o0
i=1

» Here we have
Ko = {(('vl,u>,<U2,u>,...,<vn,u>) ‘u € B;“}

= conv({ + ((v1, €5), (v2,€5),...,(vn, €)) 1) € [m]})
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Approximate Carathéodory Theorem

Given x € conv({aj}jes) C By* and k € N, there exist iy, ...,ix € [n] with

i k
o= % X a
=1

1
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2 Vk
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2m )
n/log(2m/n)
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Spencer’s setting

Approximate Carathéodory Theorem

Given x € conv({aj}jes) C By* and k € N, there exist iy, ...,ix € [n] with

1g 1
Hm_E;ai" p S vk
» For k:= |n/log(>m/n)]| we get ~ (n/b?(’;m/n)) < 209(M) centers

> In Spencer’s setting the rows have {, norm < y/n, implying

1 o 10g(2m/n) n O(n)
N (ﬁ‘( VL ) <2

— Vn(\/me) > 270,
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Mirror descent framework

» Fix a domain D € R™ and a subset X C D, start zyp € X N'D
» L[-Lipschitz convex f : X — R and a p-strongly convex ® : D — R

» Iterate
VO (yiy1) :i= VO () — Mgt

Tyl = argmina:EC)CﬂDD(D (CB, yt+l)r

where g; € 0f(x¢) and Do (x,y) .= ©(x) — O(y) — (VO (y), x — y).

Mirror descent (Bubéck "15)

After T iterations withn == { w we get a sequence ¢ with
2Do (z*,
min f(x;) — f(z*) < L- M,
t<T pT

* . 1
where x* := argmin_ _ ., f().
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> X ={XecR™™: X »0,tr(X) =1}and (X)) := tr(X log X)
» fy(X) :=maxicm)[(Ai, X —U)|is || - ||sp-Lipschitz for A; € ST
» Recall K° ={((A1,U), (A, U),..., (A, U)) : U € ST} and note

—A(U)

fu(0') < C = A(U) € C-BL + A(U)

» How to bound the number of centers A(U) starting from some Uj?
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Mirror descent: Matrix Spencer setting
> X:={X e R™™: X > 0,tr(X) =1}and ®(X) := tr(X log X)

> fy(X) = maxicn [(Ai, X —U)|is || - ||sp-Lipschitz for A; € ST
> Do(X,Y)=S(X||Y) =tr(X(log X —logY))
» Closed formula:
exp (log Up—nY i Gi)
tr(exp (log Uy—MY i, Gi)) I

where G € 3f(X,) C {+A,...,+An}

Ut+1 =

> Key observation: U; does not depend on the order of the gradients!

» After T := n iterations, we have at most

n
— 3
E (t—|—2n 1) <(n+1)- ( n) < 29 centers U,.
= 2n—1 n
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Mirror descent: Matrix Spencer setting

> X:={X ecR™™: X > 0,tr(X) =1}and O(X) := tr(X log X)
> fy(X) = maxicn) [(Ai, X —U)|is || - ||sp-Lipschitz for A; € ST
» Each starting point U generates 2°(™) centers of cubes

» Each cube is scaled by

\/S(UHUO) <\/logn
n h n’

giving a y/n logn partial coloring bound.

» Pick 2°(™) starting points Uy, total of 20 . 2000 < 20M) centers!
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Quantum relative entropy net

Key lemma
Let X,Y € Xsatisfy || X — Y ||sm < € for some ¢ > 1/m. Then

S(X|Y') < log(2me),

~

-_1 e
whereY' =3 Y + 5 - 2.

N—

Covering ST* with ST [HPV17]
N(ST, msm) <20

17 nvo

v

»> Combining the two results gives a net with quantum relative entropy

log(2m - m/n) = log(2m*/n).



Quantum relative entropy net proof

Key lemma
Let X,Y € Xsatisfy || X —Y||sm < ¢ for some ¢ > 1/m. Then

S(X|Y') < log(2me),

~

where Y’ := % ‘Y +

Tﬂ. .

N|—




Quantum relative entropy net proof

Key lemma

Let X,Y € Xsatisfy || X —Y||sm < ¢ for some ¢ > 1/m. Then

S(X|Y') < log(2me),

~

where Y’ := % ‘Y +

N|—

Tﬂ. .

S(X|IY') =tr(X(log X —logY"’))



Quantum relative entropy net proof

Key lemma

Let X,Y € Xsatisfy || X —Y||sm < ¢ for some ¢ > 1/m. Then

S(X|Y') < log(2me),

~

where Y’ := % ‘Y +

N|—

7TTL .

S(X|IY') =tr(X(log X —logY"’))
<tr(X - (log(Y + el) —log Y'))



Quantum relative entropy net proof

Key lemma
Let X,Y € Xsatisfy || X —Y||sm < ¢ for some ¢ > 1/m. Then
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1 I
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Quantum relative entropy net proof

Key lemma
Let X,Y € Xsatisfy || X —Y||sm < ¢ for some ¢ > 1/m. Then

S(X|Y') < log(2me),

1 I
2 m°

where Y’ := % ‘Y +

S(X|IY') =tr(X(log X —logY"’))
<tr(X - (log(Y + el) —log Y'))
<[ X|lsp [ 1og(Y + elin) —log Y'[|sm
=1

glog(2~HY+£Im

Im
Y + Lo

Sgg) < log(2me).
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Further applications

Theorem (Dadush, Jiang, R. 22)
vby, (ST, ST <\ /mlog(hm/n) for h-block diagonal matrices.

> Sketch: interpolate between two nets

1 n
N(sp, Tsm) <200 and N (B, BE W pn) < 00,
Theorem (Dadush, Jiang, R. "22)

vbn (ST, S™) < v/n - min(p,log(2m/n)) - min(1, m/n)1/P-1/4,

> Sketch: use a different mirror map @ (X) 1= 5y [ X I3 "
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Open problems

> Can we show a Q(log(2m?*/n)) lower bound for entropy nets?

» Given A4,...,A,, € R™*™ can we show measure bound for

K= {wGR”:H%XiAi - < H(Z:A%)l/z S&}

» Tight coverings for vb,, (B}, Bg')?

Thanks for your attention!



