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> For any convex K C R™ there exists affine linear T : R™ — R™ with
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» Tight for simplex A! But vol(A)/™ ~ vol(/mBJ*)/™ ~ 1
> Write w(K) := Eg_gm—1[max, ek (v, 0) — min,ck (v, 0)]

w(By") ~v/m

w(A) >~ y/mlog(m +1).
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Reverse Urysohn inequality

» Urysohn: vol(K) =1 = w(K) 2 /m. Tight for /mBJ".

Theorem (Lewis, Figiel, Tomczak-Jaegermann, 1979)

For any convex K C R™ there exists linear T : R™ — R™ with
vol(T(K)) =1

w(K) £ vVmlog(m+1).

» Open: improve this to /mlog(m + 1). Would be tight for A!
» Main technical tools: Lewis ellipsoid and Pisier’s inequality.
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Fourier analysis recap

» Every f: {£1}™ — R may be written as

f(x) = f(x1,...,xn) = ) i@]‘[xj

sCm] g jes

> Define fiin(x) == Y _f({i})x;

» We have



Fourier analysis recap: vector-valued f

> Every f:{£1}™ — R™ may be written as

fx) =flx1,...,xn) = > f(S)]]x

SCIn) ym J€S

n
» Define fjjn (x Z f( {ihx;
j=1
» We have
fi; f( f(S)|% = f(x)|3
B iG] = ZH G < 2 HS)E= E (I3

SCnl]
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Pisier’s inequality

Pisier’s inequality (Pisier 1979, IRRRY 2020)
Let || - || be any norm on R™ and x ~ {—1,1}"™. Then given f : {1} — R™,

Elllfun (x) 1'% < Clog(m +1) - E[|[f(x)[[*]*/2,

for some universal constant C > 0.

» In fact our proof technique shows < (log,(m + 1) + C) - E[||f(x)|/*]*/?
» Bourgain 1984: Q) (log m) lower bound (non-constructive)

> We show a Q(log m/loglog m) explicit construction
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Applications in CS theory

» Deterministic volume computation [DV12]
(1+¢)™—approximation of vol(K) for sym. cvx. K C R™in time O(1/¢)™
> log”?(n)—approximation for hereditary discrepancy [DNTT18]
A c Rmxn
disc(A) := min [|Ax|
xe{£1}Im™

herdisc(A) := max disc(As)
SCIn]
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Convolution properties

> Letf:{£1}" > R™and g:{£l} — R.
» Define (f x g)(x1,...,%n) = Ey~z1)~[9(y) - f(x1y1, ..., Xnyn)]

Fact 1
% g(S) = §(S) - f(S) for every S C [n]. J

» In particular for L(x) = x; + - - - + x, we have fj, = f* L.

Fact 2
For any norm || - || we have E[||f * g(x)||1/2 < Ellg(x)[] - E[||f(x)|/2*/2. J

> Use convexity of || - || + Cauchy-Schwarz



Proof overview
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Proof overview

» Write x| + -+ +xn =L =P+ Rand bound

El||fin (%) |12 = B[)|(f L) (x)||2]*/2
< El|(f = PY)|P1V2 + EI|(f = R) (x)]|1V/2.

> Bound the first term using Fact 2: {;-estimate
El[|(f = P)(x) 11> < EIP(x)[] - B £0) 712
» Bound the second term via John’s theorem: {,-estimate

E(|(7 RGP < v - max IR(S)1- Bl f0) 212
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Constructing the proxy: intuition

» We want to write x; + - - - + X, = P + R where

X[ 4+ vm - max R(S)| S log(m +1).

> Let’s try setting, for some t € [-1/2,1/2],

P(x)=(1+tx)...(1+tq) = Y 5T ]x.

SCin] jeS

> At least for large sets we can bound P(s) <2718l
» But would need to make sure t! ~ 1, t%,t?,...,t* ~ 0 for small k
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Constructing the proxy: workaround

» We want to write x; 4+ - - - + x, = P + R where

E[P(X)] +vm - max R(S)| < log(m +1).
Cn
> Let’s try setting, for some t € [-1/2,1/2] and some measure 1,

P(x) :J(1+tx1) (14 t)du(t) = Y HXJJt'S‘du

SC[n]jeS

S|

v

At least for large sets we can bound P(S) <2
Still need [tu(t) =1, [t*p(t) =0fork < ¢ and [[u(t) < ¢
Figiel: existence proof using heavy machinery

vy
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Constructing the proxy explicitly

Key technical lemma
Let { > 0 be odd. There is a (finitely supported) distribution 8 ~ D with
lifk=1
0) - si X 0)] — s
A ] {o ifk €{0,2,3...,0

and also
E [$(6)] < 4L
0~D

» Note we can’t do better than { in that bound:

e8] = E [Id(6)sin(€6)]] =¢

E E
0~D 0~D

example: sin(30) = 3sin(0) — 4sin(0)

» In fact, for our construction ¢:

1 1 1
egE@[IM@H e+ T 0+ 51



Proof sketch

» Our construction is given by

201 . sin(£0)

(0): ¢ sin?(8)”

with0 ~D :={5%,2-%,...,(20—=1) - 5, (20 +1) - 5,..., (4L —1) - 5}



Proof sketch

» Our construction is given by

20—1 . sin(£0)

(0):= ¢ sin?(8)”

with 8 ~D = {5,255, (20=1) - 35, (20 +1) - 5., (40— 1) - 35
» First show

lifk=1,

. i k =
E [$(8) - sin®(0)] {Oifk€{0,2/3-~-/f}

using a couple of facts:



Proof sketch

» Our construction is given by

20—1 . sin(£0)

(0):= ¢ sin?(8)”

with® ~D:={F,2-55,..., (20 —1)- 5, (20 +1) - 5,..., (4 —1) - T5 ).
» First show

lifk=1,

. i k =
E [$(8) - sin®(0)] {Oifk€{0,2/3-~-/f}



Proof sketch

» Our construction is given by

20—1 . sin(£0)

(0):= ¢ sin?(8)”

with® ~D:={F,2-55,..., (20 —1)- 5, (20 +1) - 5,..., (4 —1) - T5 ).
» First show

lifk=1,

. i k =
E [$(8) - sin®(0)] {Oifk€{0,2/3-~-/f}

using a couple of facts:

sin(0) = ¢

Y e {4e ifa=0 mod 4,
eta? — )
0eDU{0,} 0 otherwise.
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{;-estimate

» Our construction is given by

20—1 . sin(£0)

(0) = ( sin?(0)”

with®~D:={Z,2-%,...,(20—1)- 5, (20+1)- ..., (4L —1) - F5}.
» It remains to bound Eg-p[|$(0)]] <4€:

4
1 201 1
Ellp(0)] < 4- - ' =4
(b (6)] W_2 ¢ ]lemz(m'/ze)

> Actually there is a closed formula:

Ell$(0)l] =

1 201 ilsin(nj/ZN 2 11

. _ S
Yo — sinZ(m/2t) -2 ¢ 20-1



Constructing the linear proxy

Corollary
For every odd { > 0, there exist P,R : {1}™ — R so that L = P + R and

E[P(x)] < 8¢

« 8¢
< —
Lo IR(S)| < o




Constructing the linear proxy

Corollary
For every odd ¢ > 0, there exist P,R : {£1}™ — Rso that L=P + Rand
E[P(x)I] < 8¢
R 8¢
< —
Lo IR(S)I < o

Indeed, we may define

P)=2- E {q)(e) 11 (1 n %)}

j=1



Finishing the proof

Putting the pieces together: take ¢ = 1 log,(m + 1) + C to be odd € N
Elllfun (I < (BIPC + vim - max [R(S)]) - EIIFC0)|T

<se(1+ g) ()22

< log(m + 1) - Bl ()12



Lower bound: reduction



Lower bound: reduction

Reduction
Suppose for all n € N we can find F: {£1}" — R such that

[Flle < O(1)
F({j) =1/vnforallj € n]
m := [supp(F)| = {S : F(S) # 0} < 2CV™o8™,

Then we have a Q) (log m/loglog m) lower bound for Pisier’s inequality.
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Lower bound: reduction

Reduction
Suppose for all n € N we can find F: {£1}" — R such that

[Flloo < O(1)

F(i) = 1/vnforallj € [n]
m := [supp(F)| = [{S : F(S) # 0} < 2CV™oe™,

Then we have a Q) (log m/loglog m) lower bound for Pisier’s inequality.

» Define f : {£1}" — Rsupp(F by

(f(x))s = F(S HXJ
jes

> Define a norm || - || : Rsupp(F) R as
V|| = max v X
i= max | 3 v

Scsupp(F)  J€S
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Constructing the function F

» Take

H(x) := Im)f! (1 + %XO = Z Im<(\/’1ﬁ)5> ,ij

SC[n] jes

-'L n 1 n
ng‘l —’ —(J1+2) <
Ml < 14+ 2| = (14 1) < ve<2

> Also, H({j}) = 1/v/mn and [H(S)| < n~ 1512 forall S C [n]

» Then



Constructing the function F

» Take

x) :_Imﬁ(l—l—\;ﬁxj) = Z Im<( i )\S\> HXJ

SCIn] jeS

i n 1\n
< = — <
||H||m\\1+f| (\/1+n) <Ve<2
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» It remains to sparsify H:
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[SI<Bv/1 jES

» Then



Constructing the function F

» Take

H(x) ::ImH(l—l—%xj) = Z Im(( L )‘S‘> HXJ

j=1 SCIn] jes

i n 1\n
< = — <
||H||m\\1+f| (\/1+n) <Ve<2

> Also, H({j}) = 1/v/mn and [H(S)| < n~ 1512 forall S C [n]
» It remains to sparsify H:

Fox):= Y  H(S)-T]x

[SI<Bv/1 jES

> Still have [[Fllo < O(1) since [F(S)] < n~1SI2
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in an elementary way.
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Thanks for your attention!



