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Motivation: John’s Theorem (1948)
I For any convex K ⊂ Rm there exists affine linear T : Rm → Rm with

Bm
2 ⊆ T(K) ⊆ m · Bm

2

I Tight for simplex ∆!

But vol(∆)1/m ≃ vol(
√
mBm

2 )1/m ≃ 1

I Write w(K) := Eθ∼Sm−1 [maxv∈K⟨v, θ⟩−minv∈K⟨v, θ⟩]

w(Bm
2 ) ≃

√
m

w(∆) ≃
√
m log(m+ 1).
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Reverse Urysohn inequality

I Urysohn: vol(K) = 1 =⇒ w(K) &
√
m. Tight for

√
mBm

2 .

Theorem (Lewis, Figiel, Tomczak-Jaegermann, 1979)
For any convex K ⊂ Rm there exists linear T : Rm → Rm with

vol(T(K)) = 1

w(K) .
√
m log(m+ 1).

I Open: improve this to
√

m log(m+ 1). Would be tight for ∆!
I Main technical tools: Lewis ellipsoid and Pisier’s inequality.
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Fourier analysis recap

I Every f : {±1}n → R may be written as

f(x) = f(x1, . . . , xn) =
∑

S⊆[n]

f̂(S)︸︷︷︸
∈R

∏
j∈S

xj

I Define flin(x) :=
n∑

j=1
f̂({j})xj

I We have

E
x∼{−1,1}n

[flin(x)
2] =

n∑
j=1

f̂({j})2 6
∑

S⊆[n]

f̂(S)2 = E
x∼{−1,1}n

[f(x)2]
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Fourier analysis recap: vector-valued f

I Every f : {±1}n → Rm may be written as
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Pisier’s inequality

Pisier’s inequality (Pisier 1979, IRRRY 2020)
Let ∥ · ∥ be any norm on Rm and x ∼ {−1, 1}n. Then given f : {±1}n → Rm,

E[∥flin(x)∥2]1/2 6 C log(m+ 1) · E[∥f(x)∥2]1/2,

for some universal constant C > 0.

I In fact our proof technique shows 6 (log2(m+ 1) + C) · E[∥f(x)∥2]1/2

I Bourgain 1984: Ω(logm) lower bound (non-constructive)
I We show a Ω(logm/ log logm) explicit construction
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Applications in CS theory

I Deterministic volume computation [DV12]

(1+ε)m−approximation of vol(K) for sym. cvx.K ⊂ Rm in timeO(1/ε)m

I log5/2(n)−approximation for hereditary discrepancy [DNTT18]

A ∈ Rm×n

disc(A) := min
x∈{±1}n

∥Ax∥∞
herdisc(A) := max

S⊆[n]
disc(AS)
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Convolution properties

I Let f : {±1}n → Rm and g : {±1} → R.

I Define (f ∗ g)(x1, . . . , xn) = Ey∼{±1}n [g(y) · f(x1y1, . . . , xnyn)]

Fact 1
f̂ ∗ g(S) = ĝ(S) · f̂(S) for every S ⊆ [n].

I In particular for L(x) = x1 + · · ·+ xn we have flin = f ∗ L.

Fact 2
For any norm ∥ · ∥ we have E[∥f ∗ g(x)∥2]1/2 6 E[|g(x)|] · E[∥f(x)∥2]1/2.

I Use convexity of ∥ · ∥ + Cauchy-Schwarz
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f̂ ∗ g(S) = ĝ(S) · f̂(S) for every S ⊆ [n].

I In particular for L(x) = x1 + · · ·+ xn we have flin = f ∗ L.

Fact 2
For any norm ∥ · ∥ we have E[∥f ∗ g(x)∥2]1/2 6 E[|g(x)|] · E[∥f(x)∥2]1/2.

I Use convexity of ∥ · ∥ + Cauchy-Schwarz



Convolution properties

I Let f : {±1}n → Rm and g : {±1} → R.
I Define (f ∗ g)(x1, . . . , xn) = Ey∼{±1}n [g(y) · f(x1y1, . . . , xnyn)]

Fact 1
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Proof overview

I Write x1 + · · ·+ xn = L = P + R and bound

E[∥flin(x)∥2]1/2 = E[∥(f ∗ L)(x)∥2]1/2

6 E[∥(f ∗ P)(x)∥2]1/2 + E[∥(f ∗ R)(x)∥2]1/2.

I Bound the first term using Fact 2: ℓ1-estimate

E[∥(f ∗ P)(x)∥2]1/2 6 E[|P(x)|] · E[∥f(x)∥2]1/2.

I Bound the second term via John’s theorem: ℓ∞-estimate

E[∥(f ∗ R)(x)∥2]1/2 6
√
m · max

S⊆[n]
|R̂(S)| · E[∥f(x)∥2]1/2.
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Constructing the proxy: intuition

I We want to write x1 + · · ·+ xn = P + Rwhere

E[|P(x)|] +
√
m · max

S⊆[n]
|R̂(S)| . log(m+ 1).

I Let’s try setting, for some t ∈ [−1/2, 1/2],

P(x) = (1+ tx1) . . . (1+ txn) =
∑

S⊆[n]

t|S|
∏
j∈S

xj.

I At least for large sets we can bound P̂(S) 6 2−|S|

I But would need to make sure t1 ≈ 1, t0, t2, . . . , tk ≈ 0 for small k
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Constructing the proxy: workaround

I We want to write x1 + · · ·+ xn = P + Rwhere

E[|P(x)|] +
√
m · max

S⊆[n]
|R̂(S)| . log(m+ 1).

I Let’s try setting, for some t ∈ [−1/2, 1/2] and some measure µ,

P(x) =

∫
(1+ tx1) . . . (1+ txn)dµ(t) =

∑
S⊆[n]

∏
j∈S

xj

∫
t|S|dµ(t).

I At least for large sets we can bound P̂(S) 6 2−|S|

I Still need
∫
tµ(t) = 1,

∫
tkµ(t) = 0 for k 6 ℓ, and

∫
|µ(t)| . ℓ

I Figiel: existence proof using heavy machinery
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Constructing the proxy explicitly
Key technical lemma
Let ℓ > 0 be odd. There is a (finitely supported) distribution θ ∼ Dwith

E
θ∼D

[ϕ(θ) · sink(θ)] =

{
1 if k = 1,
0 if k ∈ {0, 2, 3 . . . , ℓ}

and also
E

θ∼D
[|ϕ(θ)|] 6 4ℓ.

I Note we can’t do better than ℓ in that bound:

E
θ∼D

[|ϕ(θ)|] > E
θ∼D

[|ϕ(θ) sin(ℓθ)|] = ℓ

example: sin(3θ) = 3 sin(θ) − 4 sin3(θ)

I In fact, for our construction ϕ:

E
θ∼D

[|ϕ(θ)|] = ℓ+
1
ℓ
−

1
2ℓ− 1 6 ℓ+

1
2ℓ .
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Constructing the proxy explicitly
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Proof sketch
I Our construction is given by

ϕ(θ) :=
2ℓ− 1

ℓ
· sin(ℓθ)
sin2(θ)

,

with θ ∼ D := { π2ℓ , 2 ·
π
2ℓ , . . . , (2ℓ− 1) · π

2ℓ , (2ℓ+ 1) · π
2ℓ , . . . , (4ℓ− 1) · π

2ℓ }.

I First show

E
θ∼D

[ϕ(θ) · sink(θ)] =

{
1 if k = 1,
0 if k ∈ {0, 2, 3 . . . , ℓ}

using a couple of facts:

sin(θ) = eiθ − e−iθ

2i

∑
θ∈D∪{0,π}

eiaθ =

{
4ℓ if a ≡ 0 mod 4ℓ,
0 otherwise.
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ℓ1-estimate
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4ℓ− 2 · 2ℓ− 1

ℓ
·

ℓ∑
j=1

1
sin2(πj/2ℓ)

6 4ℓ.

I Actually there is a closed formula:

E[|ϕ(θ)|] = 4 · 1
4ℓ− 2 ·

2ℓ− 1
ℓ

·
ℓ∑

j=1

| sin(πj/2)|
sin2(πj/2ℓ)

−
2

4ℓ− 2 = ℓ+
1
ℓ
−

1
2ℓ− 1 .
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Constructing the linear proxy

Corollary
For every odd ℓ > 0, there exist P,R : {±1}n → R so that L = P + R and

E[|P(x)|] 6 8ℓ

max
S⊆[n]

|R̂(S)| 6 8ℓ
2ℓ

Indeed, we may define

P(x) = 2 · E
θ∼D

[
ϕ(θ) ·

n∏
j=1

(
1+ sin(θ) · xj

2

)]
.
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Finishing the proof

Putting the pieces together: take ℓ = 1
2 log2(m+ 1) + C to be odd ∈ N

E[∥flin(x)∥2]1/2 6 (E[|P(x)|] +
√
m · max

S⊆[n]
|R̂(S)|) · E[∥f(x)∥2]1/2

6 8ℓ
(
1+

√
m

2ℓ
)
· E[∥f(x)∥2]1/2

. log(m+ 1) · E[∥f(x)∥2]1/2.



Lower bound: reduction

Reduction
Suppose for all n ∈ N we can find F : {±1}n → R such that

∥F∥∞ 6 O(1)

F̂({j}) = 1/
√
n for all j ∈ [n]

m := |supp(F̂)| = |{S : F̂(S) ̸= 0}| 6 2C
√
n logn.

Then we have a Ω(logm/ log logm) lower bound for Pisier’s inequality.

I Define f : {±1}n → Rsupp(F̂) by

(f(x))S = F̂(S) ·
∏
j∈S

xj

I Define a norm ∥ · ∥ : Rsupp(F̂) → R>0 as

∥v∥ = max
x∈{±1}n

∣∣∣ ∑
S∈supp(F̂)

vS
∏
j∈S

xj

∣∣∣
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Constructing the function F

I Take

H(x) := Im
n∏
j=1

(
1+ i√

n
xj

)
=

∑
S⊆[n]

Im
(( i√

n

)|S|)
·
∏
j∈S

xj

I Then

∥H∥∞ 6
∣∣∣1+ i√

n

∣∣∣n =
(√

1+ 1
n

)n

6
√
e < 2

I Also, Ĥ({j}) = 1/
√
n and |Ĥ(S)| 6 n−|S|/2 for all S ⊆ [n]

I It remains to sparsify H:

F(x) :=
∑

|S|63
√
n

Ĥ(S) ·
∏
j∈S

xj

I Still have ∥F∥∞ 6 O(1) since |Ĥ(S)| 6 n−|S|/2.
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Open problems
I Improved reverse Urysohn inequality.

Show for any convex K ⊂ Rm there exists linear T : Rm → Rm with

vol(T(K)) = 1

w(K) .
√

m log(m+ 1).

I Pisier’s inequality for ℓp norms.
Show that given p ∈ [1,∞] and f : {±1}n → Rm,

E[∥flin(x)∥2p]1/2 .
√
log(m+ 1) · E[∥f(x)∥2p]1/2,

in an elementary way.
I log(n)−approximation for hereditary discrepancy.

Thanks for your attention!
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