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Warmup: Minkowski’s Theorem (1889)

» Any symmetric convex K C R™ with volume > 2™ intersects Z™ \ {0}




Non-constructive Partial Coloring

Theorem (Gluskin, 1989)

Given symmetric convex K € R™ with vol(K N [—1,1]™) > C™ for C > 1
there exists y € 2K N {—1,0,1}™ with Q(m) coordinates in {—1,1}.
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Non-constructive Partial Coloring

Theorem (Gluskin, 1989)

Given symmetric convex K € R™ with vol(K N [—1,1]™) > C™ for C > 1
there exists y € 2K N {—1,0,1}™ with Q(m) coordinates in {—1,1}.

» Define v, (K) = Pr[gaussian € K]
» Can show vol(K N [—1,1]™) > 2™y, (K)

Corollary

Given symmetric convex K € R™ with v, (K) > 0.51™ there exists
y € 2KN{—1,0,1}™ with Q(m) coordinates in {—1, 1}.




Constructive Partial Coloring

Theorem (Rothvoss, FOCS 2014)

Given symmetric convex K C R™ with vy, (K) > 0.999™ we can find
y € KN [—1,1]™ with Q(m) coordinates in {—1, 1} in polynomial time.
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Constructive Partial Coloring

Theorem (Rothvoss, FOCS 2014)

Given symmetric convex K C R™ with vy, (K) > 0.999™ we can find
y € KN [—1,1]™ with Q(m) coordinates in {—1, 1} in polynomial time.

Algorithm:
(1) Sample  ~ N(0, I,,)
(2) Output the projection of « onto KN [—1,1]™.

(=1, 1m
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Motivating question

Question

How can we show good measure lower bounds for convex bodies?

» For finite intersections can use ym (KN L) > v (K)y(L)
» How about non-polyhedral sets?
» This work: lower bounds for sets of sparsifying weights



Graph Sparsification

Theorem (Batson-Spielman-Srivastava "08)

Given a graph G = (V, E), we can find weights s € RY}, in poly-time with
lsupp(s)| < O(n/e?) so that [5(U)| = (1 £ ¢) - |s(5(U))| for every U C V.
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Graph Sparsification

Theorem (Batson-Spielman-Srivastava 08)

Given rank-one A1,..., A, € R™™ with Zrll A; = I, we can find
weights s € RT} in poly-time such that |supp(s)| < O(n/e?) and
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A new algorithm
Given: PSD matrices Ay, ..., Ay with } ") A; = I, and ¢ > 0.
(0) Initialize weights s; := 1 fori € [m]
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A new algorithm
Given: PSD matrices Ay, ..., Ay with } ") A; = I, and ¢ > 0.
(0) Initialize weights s; ;=1 for i € [m]
e Repeat until s sufficiently sparse:
(1) Set[m] < supp(s), A! « siA;

(2) Consider convex body K = {m e RM | H 2 icim) XiA{

e
(3) Sample y* ~ N(0, I} )
(4) Let z* be the projection of y* onto K N [—1,1]m

e x* will have Q(m) many {—1, 1} coordinates with high probability
(5) Update weights s; < si(1 4+ x).

-1,
(R., Rothvoss "19) ”
O(log m) iterations suffice and 0
output 1 + O(e) sparsifier with "
high probability.
igh probability. \. -
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Main technical results

Given PSD matrices A, ..., A with ) ", A; = I,, define the set

K={ocrm|| Y val < ya/m)
i=1

Question: Do we have v, (K) > 27°9(m)? We don’t know!

op

e Weaker condition to get O(m) coordinates x; € {—1,1}: -7
7

Theorem (R., Rothvoss "19)
Ym (2K + ay/mBJY) > § Vo € (0,1)

Corollary (R., Rothvoss "19)
The mean width of K is Q(y/m) /




Corollary: Spectral Partial Coloring

Corollary (R., Rothvoss "19)
Given PSD matrices Ay, ..., Ay with 3", A; = I,, define the set

~{zer™ || S mai], < varm)
i=1

We can find a point «* € 500K N [-1,1]™ with > 000 indices x} € {1, 1}




Proof idea

op

m
K:{sce]le HinAi < \/n/m}
i=1
Bt ={x e R™: |z|, <1}

Theorem (R., Rothvoss "19)
We have ym(%K + oy/mB) > % for any choice of « € (0,1)

e Thatis:
a Gaussian ~ N(0, I,;,) is close to %K with prob > 1/2



Proof idea

op

m
K:{wERmI HinAi < \/n/m}
i=1
Bt ={x e R™: |z|, <1}

Theorem (R., Rothvoss "19)
We have ym(%K + oy/mB) > % for any choice of « € (0,1)

e Thatis:
a Gaussian ~ N(0, I,;,) is close to %K with prob > 1/2
e Equivalently:

construct random x with Plx € %K and x close to Gaussian] > 1/2



A coupling argument

(1) Set 6 := tiny step sizeand  := 0,z :=0
(2) FOR T := 62 iterations:

(3) Find "appropriate” PSD X < I, with Tr[X] > (1 — o®)m
(4) Update x :=x +6-N(0,X)and z:=z+6-N(0, I, — X)
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A coupling argument

(1) Set 6 := tiny step sizeand  := 0,z :=0
(2) FOR T := 62 iterations:

(3) Find "appropriate” PSD X < I, with Tr[X] > (1 — o®)m
(4) Update x :=x +6-N(0,X)and z:=z+6-N(0, I, — X)

< oy/m
x+2z~N(0,1,)



One update step

m
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One update step

m
K:{$€Rm|HZX1Ai
i=1

< Vn/m}

op

e Want z € K: can reduce to upper bounding Amax (> i+ xiA)
e Use potential function

®(x) == tr[A(x)"'] where A(x):=(C+D|x|3) I, — inAi
i=1

e Keep @ (x) bounded above so that at each step
m
A@) =0 = Ao Y_xi41) < C+ Dl
i=1

Main Lemma

If O(x) < DT;“Z,there is0 < X < I, with Tr[X] > (1 — «*)m so that

E [O(z+dy)] < O(x)
y~N(0,X)
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One update step

» Recall

®(x) := tr[A'] where A := A(z) := (C + D|z|3) - ZXL

» Pick X: y ~ N(0, X) is orthogonal to  and to < o*m other vectors
> Set B:=} " yiAi — D||y|3In.
» Change of potential function is

tr[(A—8B) Y —tr[A™ Y]

Taylor
< 5-trlAT'BA T 4+28% - tr[A'BA'BAT!

~ — 8°D|y|Ptr[A 2] + 26%tr [A_l(iyiAi)A_l(iyjAj)A_l]
i=1 j=1
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Key Claim
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B [efa (T via)a (L uar)a]] < Frulaeia
i=1 j=1

e Key idea: Pick y L e; for i such that trf[A"1A;] > —2-tr[A7]
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One update step

Key Claim

y~NH(§0,X) [tr [A_l(iZill‘JiAi>A_l<jiyjA].)A—1” <

e Key idea: Pick y L e; for i such that tr[A~1A;] >

e By Markov: at most °‘sz such constraints




One Update Step

» Putting everything together..

Eltr[(A—8B) '] —tr[A™]
<-ODEly/3ulA? + 25 [tr[4- (Zyl A ”(ivv“i)f"lﬂ
i=1

4
< 8 -ulaY. (— 0.4Dm + ——tr[A~ ]) <0
X m



One Update Step

» Putting everything together..

Eltr[(A—8B) '] —tr[A™]
sosiyea e ate ofa (§va)at (S ua)a ]
i=1

4
< 62-tr[A’2]-(—0.4Dm+—tr[A’ ]) 0

» Only < «®>m constraints needed: tr[X] > (1 — o?)m



Conclusion

Given PSD matrices A, ..., A with ) ", A; = I,, define the set

m
K= {III cR™ | HZXiAi
i=1

Theorem (R., Rothvoss "19)
We have ym(%K + oy/mB) > % Voo € (0,1)

< Vn/m}

op

Corollary (R., Rothvoss "19)
The mean width of K is Q(y/m)

v

e Do we have v, (K) = 27°m)? Does the Theorem already imply this?



More Open Problems

e Can we show similar measure lower bounds for other problems?
» Matrix Spencer: given A; € R™*™ with [|Ai[op <1

n
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n
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op
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Thanks for your attention!



