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> Given A € R™*™ and y € R"™, how can we round y to x € Z™ so that
Ax =~ Ay?
» How much error do we necessarily incur in this rounding?

» Denote ||z||w = max |z;| and define the linear discrepancy
ien

lindisc(A) := max lindisc(A, y)
yeRr™

= max min [ Ax — Ayl

» (Li-Nikolov, 2020) NP-hard to compute. Can we approximate it?
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Determinant lower bound
lindisc(A) = max min ||Ax — Ayl
yER™ xEZN

Theorem (Lovész-Spencer-Vesztergombi, 1986)

For any square A € R™*™ we have lindisc(A) > 1| det(A)/™.

» Denote K :={x € R™ : |[Ax||oo < 1} = A71([~1,1™)
» By definition, lindisc(A) - K+ Z™ = R™ = vol, (lindisc(A) - K) > 1

» It remains to note vol, (K) = |det(A)[~! - vol([—1,1]™) = 2™/|det(A)|.

What about an upper bound?
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Hereditary discrepancy

Define the hereditary discrepancy

herdisc(A) := max min [|AsX|c,
SCn]xe{-1,1}%

where Ag is the submatrix of A with columns from S.

Theorem (Lovész-Spencer-Vesztergombi, 1986)
For any A € R™*™ we have lindisc(A) < herdisc(A).

» First step: lindisc(A,y) < %herdisc(A) fory € %Z“
» Round non-integer coordinates S := {i : y; ¢ Z}based onx € {—1,1}°.
Alternatively: %Zn C %herdiSC(A) -K4+Z™

> Second step: Show this implies R™ C herdisc(A) - K + Z™.
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Matousek’s Bound

Theorem (Matousek, 2011)
For any A € R™*™ we have herdisc(A) < y/logm - logn - detLB(A). J

Combination of two results involving the hereditary vector discrepancy:

Theorem (Bansal, 2010)
For any A € R™*™ we have herdisc(A) < y/logm - logn - hervecdisc(A )

Matousek’s lemma (2011)
For any A € R™*™ we have detLB(A) > hervecdisc(A)//logn.




Our contribution

Theorem (Jiang-R., 2021)
For any A € R™*™ we have herdisc(A) < y/logm - logn - detLB(A

Combination of two results involving partial hereditary vector discrepancy:

Theorem (Bansal, 2010), slight adaptation
For any A € R™*™ we have herdisc(A) < y/logm - logn - herpvdisc(A).

Key lemma
For any A € R™*™ we have detLB(A) 2 herpvdisc(A).
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Given A € R™*™, the partial vector discrepancy is given by the SDP

min A

n
H Zai]-ijZ < A Vie [m]
j=1

n

> vl >mn/2

j=1

Joill3 <1 Vj e .

In order to show detLB 2 A, suffices to beat any dual feasible solution
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i=1 j=1

m
Zwi =1
i=1

w,z > 0.

Here A2 =ny — Zjnzl z; for some feasible (w, z,v).

Idea: find a submatrix with large singular values, therefore large det
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Proof sketch

> Tt follows all eigenvalues of }_ ", wiaija/; are > 0.5y > 0.5-A*/n
» Therefore det(} ", wiai,]aa) > (0.5A2 /)

» Cauchy-Binet also gives

det(i wia”al] Z det AI ] 2 le

i=1 iel
\II III

< detLB(A 2”‘ ZHWI

1IC(m] i€l
[TI=I]1

< detLB(A)2!. ”% : (iwi)m

i=1
—_——
=1

» Combining the two inequalities, detLB(A) 2 A - +/|JI/n 2 A.
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Open problems

» Is it possible to approximate detLB up to @(1) in poly time?
»> We showed detLB 2 herpvdisc. Is it true detLB < herpvdisc?

» Is it true that herdisc(A) < (y/log m +logn) - detLB(A)?

Thanks for your attention!



