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Given weights w € [0, 1] can we get |w(red) — w(blue)| < O(1) in all 2n prefixes?
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Goal: Orient edges so that |#in — #out| < 1 in all 2| E| prefixes

Given weights w € [0, 1]F can we get |[w(in) — w(out)| < O(1) in all 2|E| prefixes?
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Given directed D = (V, E) and flow x € R>o’ there exists an unsplittable flow
y € RE such that |x(e) — y(e)| < dmax Ve € E.
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Morell-Skutella conjecture

Given directed D = (V, E) and flow x € RE | there exists an unsplittable flow

>0’

y € RE such that |x(e) — y(€)| < dmax Ve € E.
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Known for bipartite digraphs [Lenstra, Shmoys, Tardos, 1990]

Known for series-parallel digraphs [Almoghrabi, Skutella, Warode, 2024]
Known for planar digraphs [Traub, Koch, Zenklusen, 2024]

Known when d;1/d; € N for each i < n [Morell, Skutella, 2020]

Known to imply a cost-augmented one-sided bound conjectured by Goemans
[Swamy, Traub, Koch, Zenklusen, 2025]
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> Jobs J with processing times d;, machines M, bipartite graph D = (M U J, E)

> Objective: minimize the time to complete all jobs

unsplittable flow
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Given bipartite D = (M U J, E), and a fractional assignment x € [0, 1]"*", there is
an assignment y € {0, 1}™*" such that

? t
|Za’,~xi,- - Zdj)’ij| < dmaxs Vi € [m], t € [n].
Jj=1 Jj=1

> Given a feasible LP solution x, can round it to y so thatforany 1 <a < b < n,
b b a-1 b a-1

Zdjyij = Zdj)’ij - Z djyij < (Zdjxij + dmax) - (Z djxij — dmax)
j=a Jj=1 Jj=1 J=1 J=1

b
= Z djxij + 2dmax

Jj=a
< (rp —rq) + OPT + 2dnax
< (rp —rq) +30PT.

> Known up to O(4/logn) [Bansal, Svensson, Rohwedder STOC 2022]
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Main results
Theorem (Liu, R., 2026)

Given a fractional assignment x € [0, 1]™*" and weights d € R;’O, there exists an
assignment y € {0, 1}™*" so that for every i € [m] and ¢ € [n],

’Zd iXij — Zd y,j|< maxd

» The RHS can be improved to (1 — 2) maxe[,] d, which is tight:
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Application to flow-time scheduling
Corollary (Liu, R., 2026)

A 3-approx. algorithm for maximum flow-time minimization on identieal machines
with closing times.

> Already known: sort jobs by release times and schedule on least busy machine
[Mastrolilli, 2004]

> Suppose now each machine i has a closing time b;
> Can schedule job j on machine i if r; < b;
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Given fractional assignment x € [0, 1]"*", d € (0, 1]", define
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Given fractional assignment x € [0, 1]™*", d € (0, 1]", define

Pii) = ) dpxij, Ni() = ) djyis Ai) = Po(i) = N, (0).
j=1 J=1

Algorithm 1 EARLIEST DEADLINE ALGORITHM
forz € [n] do

C() «{ie[m]:P:(i)>Ni—1(0)} > set of candidates at time ¢
fori € [m] do

D;(i) « min{T >t : Pr(i) > N;_1(i) + 1} > deadline of i at time ¢
end for

Choose s; € argmin;ec(r) D, (i)
Vs;e < land y; , <~ Ofori € [m]\ {s:}
end for

Claim 1: The algorithm outputs a valid assignment, i.e. C(¢) # 0 for all 7 € [n].
Claim 2: A;(i) > —1foralli € [m], t € [n].
Claim 3: A;(i) < 1 foralli € [m],t € [n].
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Otherwise, let j € [¢] be the latest time such that s; = i. Then
A (i) = P (i) = N: (i)
=P,(i)-N;_1(i) - d;



Lower bound proof
Given fractional assignment x € [0, 1]"*", d € (0, 1]", define

Pi(i)i= Y dpxizy Ni()i= ) dyyijs M) = Pa() = Ny (D).
j=1

j=1
D;(i) :=min{T >t : Pp(i) = Ny—1(i) + 1}

C@t) :={i € [m] : P,(1) > Nr1(D)},

Claim 2
For any i € [m] and ¢ € [n], A;(i) > —1.
Proof. If i has not been selected at any time up to ¢, then N, (i) = 0 and

Otherwise, let j € [¢] be the latest time such that s; = i. Then
A (i) = P (i) = N: (i)
=P,(i)-N;_1(i) - d;
>P;(i)-Nj_1(i)) —d;



Lower bound proof
Given fractional assignment x € [0, 1]"*", d € (0, 1]", define

Pi(i)i= Y dpxizy Ni()i= ) dyyijs M) = Pa() = Ny (D).

Jj=1 j=1
C(t):={ie[m]:P;(i) > Ne—1()}, D;(i) :=min{T >t : Pp(i) = Ne—1(i) + 1}

Claim 2
For any i € [m] and ¢ € [n], A;(i) > —1.
Proof. If i has not been selected at any time up to ¢, then N, (i) = 0 and

Otherwise, let j € [¢] be the latest time such that s; = i. Then
A (i) = P (i) = N: (i)
= P (i) = Nj-1(i) — d;
>P;(i)-Nj_1(i)) —d;
> —dj > —1.



Upper bound proof I
Given fractional assignment x € [0, 11", d € (0, 1]", define
P (i) := Zdjx,,-, N (i) = Zdjyi,, A (i) = Py (i) = Ny (i).
C(t) == {i € [m] ]:_P,(i) > Ny-1(i)}, Jz_),(i) = min{T > 1 : Pr(i) = N,_1 (i) + 1}

Claim 3 (Main technical lemma)

Foranyi € [m] and t € [n], A, (i) < 1.
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j=1 J=1

C(t) :={i € [m] : P,(i) > N1 ()}, Dy (i) := min{T > : Pr(i) = Ny_1 (i) + 1}

Claim 3 (Main technical lemma)
Foranyi € [m] and t € [n], A, (i) < 1.

Proof. Assuming otherwise I'* := {i € [m] : A;(i) = 1} # 0 for some ¢ € [n].
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Pii) = ) dpxij, Ni() = ) djyis Ai) = Po(i) = N, (0).
j=1 J=1

C(t) :={i € [m] : P,(i) > N1 ()}, Dy (i) := min{T > : Pr(i) = Ny_1 (i) + 1}

Claim 3 (Main technical lemma)
Foranyi € [m] and t € [n], A, (i) < 1.
Proof. Assuming otherwise I'* := {i € [m] : A;(i) = 1} # 0 for some ¢ € [n].

Z A(i)=0 = {ie[m]:A i) <0} #0.
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Pii) = ) dpxij, Ni() = ) djyis Ai) = Po(i) = N, (0).
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C(t) :={i € [m] : P,(i) > N1 ()}, Dy (i) := min{T > : Pr(i) = Ny_1 (i) + 1}

Claim 3 (Main technical lemma)

Foranyi € [m] and t € [n], A, (i) < 1.

Proof. Assuming otherwise I'* := {i € [m] : A;(i) = 1} # 0 for some ¢ € [n].
Z A(i)=0 = {ie[m]:A i) <0} #0.
ie[m]

Sot™ :=max{j <t:A;(s;) <0} is well-defined.



Upper bound proof I

Given fractional assignment x € [0, 1]™*", d € (0, 1]", define

Pii) = ) dpxij, Ni() = ) djyis Ai) = Po(i) = N, (0).
j=1 J=1

C(t) :={i € [m] : P,(i) > N1 ()}, Dy (i) := min{T > : Pr(i) = Ny_1 (i) + 1}

Claim 3 (Main technical lemma)

Foranyi € [m] and t € [n], A, (i) < 1.

Proof. Assuming otherwise I'* := {i € [m] : A;(i) = 1} # 0 for some ¢ € [n].
Z A(i)=0 = {ie[m]:A i) <0} #0.
ie[m]

Sot™ :=max{j <t:A;(s;) <0} is well-defined.
We will need to define another time 1~ < ¢’ < ¢ and analyze what happens in (¢’, 7].



Upper bound proof II

1~ :=max{j <t:A;(s;) <0} is well-defined.



Upper bound proof II
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" :=max{j <t: P;(s;) <Nj_i(s;) + 1} is well-defined.




Upper bound proof II
1~ :=max{j <t:A;(s;) <0} is well-defined.

Claim 3.1.
t":=max{j <t:P;(s;) <Nj_1(s;) + 1} is well-defined.

Proof. It suffices to show that ¢~ satisfies the inequality:



Upper bound proof II
1~ :=max{j <t:A;(s;) <0} is well-defined.

Claim 3.1.
t":=max{j <t:P;(s;) <Nj_1(s;) + 1} is well-defined.

Proof. It suffices to show that ¢~ satisfies the inequality:

P:(s-) < Ni(s4-)



Upper bound proof II
1~ :=max{j <t:A;(s;) <0} is well-defined.

Claim 3.1.
t":=max{j <t:P;(s;) <Nj_1(s;) + 1} is well-defined.

Proof. It suffices to show that ¢~ satisfies the inequality:

P:(s-) < Ni(s4-)
= Ni-(s4-)



Upper bound proof II

1~ :=max{j <t:A;(s;) <0} is well-defined.

Claim 3.1.

t":=max{j <t:P;(s;) <Nj_1(s;) + 1} is well-defined.

Proof. It suffices to show that ¢~ satisfies the inequality:

P (s-) < Ni(s:-)

= Ni-(s¢-)
=Ni—1(s¢-) +ds-
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P (s-) < Ni(s:-)
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» By maximality, for any j € (¢/,1], P;(s;) > Nj_1(s;) + 1 > Npy_i(s;) + 1.



Upper bound proof II
1~ :=max{j <t:A;(s;) <0} is well-defined.

Claim 3.1.
t":=max{j <t:P;(s;) <Nj_1(s;) + 1} is well-defined.

Proof. It suffices to show that ¢~ satisfies the inequality:

P (s-) < Ni(s:-)
= Ni-(s1-)
= Np--1(s54-) + ds-
SN-_1(sp-)+ 1. O

> By maximality, for any j € (', ¢], P;(s;) > Nj—i1(s;) + 1 > Ny_i1(s;) + 1.

» Define I := {i € [m] : P;(i) > Ny_1(i) + 1} ={i € [m] : D, (i) < t}.



Upper bound proof II
1~ :=max{j <t:A;(s;) <0} is well-defined.

Claim 3.1.
t":=max{j <t:P;(s;) <Nj_1(s;) + 1} is well-defined.

Proof. It suffices to show that ¢~ satisfies the inequality:

P (s-) < Ni(s:-)
= Ni-(s1-)
= Np--1(s54-) + ds-
SN-_1(sp-)+ 1. O

> By maximality, for any j € (', ¢], P;(s;) > Nj—i1(s;) + 1 > Ny_i1(s;) + 1.
> Define I := {i € [m] : P;(i) > Ny—1(i) + 1} ={i € [m] : Dy (i) < t}.

> sy gl,s; €l Vje (!, t].



Upper bound proof II

1~ :=max{j <t:A;(s;) <0} is well-defined.

Claim 3.1.

t":=max{j <t:P;(s;) <Nj_1(s;) + 1} is well-defined.

Proof. It suffices to show that ¢~ satisfies the inequality:

P (s-) < Ni(s:-)

= Ni-(s¢-)
=Ni—1(s¢-) +ds-
SNi-——i(s-)+ 1. O

> By maximality, for any j € (', ¢], P;(s;) > Nj—i1(s;) + 1 > Ny_i1(s;) + 1.

v

Define I :={i € [m] : P;(i) = Np—1(i) + 1} ={i € [m] : Dy (i) < t}.
> sy gl,s; €l Vje (!, t].

> [ #0since " CI: P,(i) > N,(i)+1 > Ny_1(i) + 1 foranyi € I'



Upper bound proof (last part!)
» Define I :={i € [m] : P,(i) 2 Ny_1(i) + 1} ={i € [m] : D, (i) < t}.
> sy gl,s; €l Vje(',t], 1#0



Upper bound proof (last part!)
» Define I :={i € [m] : P,(i) 2 Ny_1(i) + 1} ={i € [m] : D, (i) < t}.
> sy gl,s; €l Vje(',t], 1#0

Claim 3.2.
For any i € I we have P, (i) > N,(i) and P, (i) < Ny —1(i).



Upper bound proof (last part!)
» Define I :={i € [m] : P,(i) 2 Ny_1(i) + 1} ={i € [m] : D, (i) < t}.
> sy ¢ls; el Vje(t',t], T#0

Claim 3.2.
For any i € I we have P, (i) > N;(i) and Py (i) < Ny _1(i).

Contradiction assuming Claim 3.2.:

Zd<1+2dj

Je( .t Je(t',t]



Upper bound proof (last part!)
» Define I :={i € [m] : P,(i) 2 Ny_1(i) + 1} ={i € [m] : D, (i) < t}.
> sy ¢ls; el Vje(t',t], T#0
Claim 3.2.
For any i € I we have P, (i) > N;(i) and Py (i) < Ny _1(i).

Contradiction assuming Claim 3.2.:

Zd<1+2dj

Je(' .t Je(t',t]

=1+ Z(Nz(l) - Nt’—l(i))

iel



Upper bound proof (last part!)
» Define I :={i € [m] : P,(i) 2 Ny_1(i) + 1} ={i € [m] : D, (i) < t}.
> sy ¢ls; el Vje(t',t], T#0
Claim 3.2.
For any i € I we have P, (i) > N;(i) and Py (i) < Ny _1(i).

Contradiction assuming Claim 3.2.:
Z di<l+ > d
je(,t je(' 1]
=1+ > (Ni(i) = o1 (i)
iel

< D L(Pi(D) = Nmar (0)

iel



Upper bound proof (last part!)
» Define I :={i € [m] : P,(i) 2 Ny_1(i) + 1} ={i € [m] : D, (i) < t}.
> sy ¢ls; el Vje(t',t], T#0
Claim 3.2.
For any i € I we have P, (i) > N;(i) and Py (i) < Ny _1(i).

Contradiction assuming Claim 3.2.:
Dodi<1+ ) 4
je(t',t] je(t',t]
=1+ > (Ni(i) = o1 (i)
iel
< ) (P(i) = Ny (1)
iel

< > (Py(0) = Py (i)

iel



Upper bound proof (last part!)
» Define I :={i € [m] : P,(i) 2 Ny_1(i) + 1} ={i € [m] : D, (i) < t}.
> sy ¢ls; el Vje(t',t], T#0

Claim 3.2.
For any i € I we have P, (i) > N;(i) and Py (i) < Ny _1(i).

Contradiction assuming Claim 3.2.:

Zd<1+2dj

je( t] Je('t]
=1+ Z(Nz(l) - Nt’—l(i))
iel
< Z(P,(i) - Ny-1(D)
iel

< > (Py(0) = Py (i)
iel

< > (Pi) = P(i))
ie[m]



Upper bound proof (last part!)
» Define I :={i € [m] : P,(i) 2 Ny_1(i) + 1} ={i € [m] : D, (i) < t}.
> sy ¢ls; el Vje(t',t], T#0
Claim 3.2.
For any i € I we have P, (i) > N;(i) and Py (i) < Ny _1(i).

Contradiction assuming Claim 3.2.:
Dodi<1+ ) 4
je(t',t] je(t',t]
=1+ > (Ni(i) = o1 (i)
iel

< ) (P(i) = Ny (1)
iel

< > (Py(0) = Py (i)
iel

Z (P, (i) = Py (i)

Zd O

je(t',t]



Upper bound proof (last part!)
» Define I :={i € [m] : P,(i) 2 Ny_1(i) + 1} ={i € [m] : D, (i) < t}.
> sy gl,s; €l Vje(',t], 1#0

Claim 3.2.
For any i € I we have P, (i) > N, (i) and P, (i) < Ny _1(i).

Proof. Fix i € I. Either i is not chosen in (¢/,¢]: P,(i) > Ny_1(i) + 1 = N;(i) + 1.



Upper bound proof (last part!)
» Define I :={i € [m] : P,(i) 2 Ny_1(i) + 1} ={i € [m] : D, (i) < t}.
> sy gl,s; €l Vje(',t], 1#0

Claim 3.2.
For any i € I we have P, (i) > N, (i) and P, (i) < Ny _1(i).

Proof. Fix i € I. Either i is not chosen in (¢/,¢]: P,(i) > Ny_1(i) + 1 = N;(i) + 1.

OR s; =iforsome j € (',t] :then j >t >t~ = P(i) > N,(i).



Upper bound proof (last part!)
» Define I :={i € [m] : P,(i) 2 Ny_1(i) + 1} ={i € [m] : D, (i) < t}.
> sy gl,s; €l Vje(',t], 1#0

Claim 3.2.

For any i € I we have P, (i) > N, (i) and P, (i) < Ny _1(i).

Proof. Fix i € I. Either i is not chosen in (¢/,¢]: P,(i) > Ny_1(i) + 1 = N;(i) + 1.
OR s; =iforsome j € (',t] :then j >t >t~ = P(i) > N,(i).

For the second inequality: D, (s;/) >t = INC(') = 0.



Other conjectures

Let d € R”". For every fractional assignment x € [0, 1]"*", there is an
assignment y € {0, 1} so that for every i € [m] and ¢ € [n],

' Z dij(xij — y,])’ max  d;j.

jelr] iclml.jeln
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Letd € RZ,,. For every x € [0, 1]™" so that nj := ¥ e,y Xij € Nforall j € [n],
there is y € {0, 1}"™" so that X;¢[,,, yij = n; forall j € [n] and

| > djis - y,])|<maxd Vi € [m),1 € [n].
Jelt]
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Letd € RZ,,. For every x € [0, 1]™" so that nj := ¥ e,y Xij € Nforall j € [n],
there is y € {0, 1}"™" so that X;¢[,,, yij = n; forall j € [n] and
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Thanks for your attention!



